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Background

e stresses deform solids

e small deformations: displacements much smaller than dimensions
of the body

¢ hence, infinitesimal strain theory holds

¢ need finite strain theory when deformed body “much” different
from undeformed body

¢ in geodesy, we get away with infinitesimal strains.
o deformation is a transformation
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Transformations

e we've seen some of this before

e mathematical transformation maps something from one system /
space into another system / space

e example: transform vector coordinates from one coordinate
system to another coordinate system

¢ general form: y = Ax, where x,y are vectors, A is transformation
matrix

e linear transformation are part of basis of linear algebra

e hence, most common representations of linear transformation are
matrices and index notation



Deformation

)
— &>
_/

deformation = translation + rotation + dilatation

e translation, rotation: rigid body deformation (angles, volume
preserved)

e dilatation: volume changes, angles change
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Transformations: Translation

X=X + X8,

Xy |===-

Given (x4, X,), what
are (X4, X,)?

&
A
K

J. Freymueller
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Transformations: Translation

X=X + X8,

Xy |===-

Given (x4, X,), what
are (X4, X,)?

&
A
K

J. Freymueller

X; = Xy +Ax
Xp) = Xo+ AXo

(indices indicate vector components!)
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Transformations: Rotation

e, X =X, + X,€,
7
e, (X1, X9) At Tat
B Xg fmmmmmmm- (X1, %2) X=X6 +X,6
7/
-7 [
- P
P \
- 1 \
e X | \ NG
-~ ! \ e
i 1 \ 1
X, 1
1 Xy
1
1
1
C e
X4 1

J. Freymueller
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Transformations: Rotation

e, X=X + X8,
~ ! -
e, (X4, X2) At It

< P (X4, %) X=Xxe +x,¢,
7/
-7 [
- N
P \
- I \
e X | \ NG
- ! \ e
i 1 \ 1
X, 1
1 Xy
1
1
1
C e
X4 1

J. Freymueller

Given 2 systems, how are vector components related?
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Transformations: Rotation

, €, Given (x4, X,), What
e, (X1, X2) are (X{, X)?
X1, X5
A PR )
s/
Pl (I
-7 PN
Pae P
Le )
g X :\/\ Al
¢~ 0 e
y 1 \ 1
Xy 6 1
1 x{
1
]
0 1
' e
1
X4

J. Freymueller

Given 2 systems, how are vector components related?
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Transformations: Rotation

, €, Given (x4, X,), What
e, (X1, X2) are (X{, X)?
X1, X5
A PR )
s/
Pl (I
- PN
Pae P
Le )
g X :\/\ Al
¢~ 0 e
y 1 \ 1
Xy 0 1
1 x{
1
]
0 1
' e
1
X4

J. Freymueller

Given 2 systems, how are vector components related?

x;1 = xjcos(f) — xpsin() X; = xqcos(0) + x2sin(0)
Xo = Xx{sin(6) + xycos(f) Xy = —x18in(0) + x2cos(6)
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Transformations: Rotation

, € Given (x4, X,), what
e, (X1, %) are (x4, X3)?
- X feenssnane (X4, X))
<7/
* [
4 \
e HE
e ! \
- X :\/\ N
¢ 6 e
) 1 \ 1
Xy 6 1
1 X4
1
1
3 0 1
h A
el
X1

J. Freymueller

Given 2 systems, how are vector components related?

X4 ;o cos(f) sin(9)
xé] X = [—sin(&) cos()

cos(0) —sin(6)
sin(6) cos(9)

X4
X2
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Transformations: Rotation

, €, Given (x4, X,), What
e, (X4, X2) are (X, X5)?
Xp pmmmmmmm e (x4, X2)
PV AL
P [
g N
- A
L \
e X b_,ﬁ A
' 6 e
s 1 1
X2 6 1 )
1 x{
1
1
) 0 1
H N
€
X4

J. Freymueller

Rotating a vector is the same as rotating the coordinate system in the
opposite direction
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Transformations: Dilatation

D ez

Y+ SY\(Y

Kteyy X

J. Freymueller
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Transformations: Dilatation

D ez
z
Kteyy X
X Y+ep Y
Y
fractional length changes are normal strains: o Freymueller
change_in_length .
g —/n_'eng = strain
original_length
Chj1/)( = Exx
(1Lk2//y/ == 5)0/
Cﬂﬁ3/22 — Ezz

convention important: geologists often use positive = contraction, can

be extension, too. Check!
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Transformations: Dilatation

D ez

Kteyy X
X Y+eyyY

Y

J. Freymueller

think in finite differences (infinitesimal lengths):
length — new_length

length—s0 length derivative
6)[/1/63)( = €XX
(9[]2/(3)/ = Eyy
8“3 /62 = 522

convention important: geologists often use positive = contraction, can
be extension, too. Check!
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Transformations: Dilatation
:> Z+SZZZS

X Y+eyyY

N

Y

J. Freymueller

Dilatation (A) defined as fractional volume change:

XA +ex)xY(A1+epy)«Z(1+ez) = XxY*Z
XxYxZ

XxYxZ(14+ex)x(1+epyy)x(1+e22)—1)
XxYxZ

= (T+ex)x(1+ey)x(1+ez2) -1

A =
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Transformations: Dilatation
g ZteyZ ’

X Y+eyyY

N

Y

J. Freymueller

Dilatation (A) defined as fractional volume change:

XA +ex)xY(A1+epy)«Z(1+ez) = XxY*Z
XxYxZ

XxYxZ(14+ex)x(1+epyy)x(1+e22)—1)
XxYxZ

= (T+ex)x(1+ey)x(1+ez2) -1

We use infinitesimal strain, products of strain can be dropped:

A =

A = 1+5xx‘|‘5yy+ezz—1
= ExxteEy t+ez
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Transformations: Dilatation
g ZteyZ ’

Y+eyyY

J. Freymueller

Dilatation (A) defined as fractional volume change:

XA +ex)xY(A1+epy)«Z(1+ez) = XxY*Z
XxYxZ

XxYxZ(14+ex)x(1+epyy)x(1+e22)—1)
XxYxZ

= (T+ex)x(1+ey)x(1+ez2) -1

We use infinitesimal strain, products of strain can be dropped:

A =

A = 1+5xx‘|‘5yy+ezz—1
= ExxteEy t+ez

seismic P waves are travelling oscillations of A
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Strain: Normal Strain

B Z+ey,Z

X+€XXX

X Y+eyyY

J. Freymueller

fractional length changes are normal strains:

é?lj1 /é?)( = Exx
éa[lz/éaj/ - €yy
6U3/(9Z = Ezz

components of strain proportional to derivatives of displacements in
respective directions
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Strain: Shear Strain

—

J. Freymueller

shear components of strain measure change in shape / angles

1
Exy = Eyx = _§(¢1 +¢2)
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Strain: Shear Strain

- |

J. Freymueller

shear components of strain measure change in shape / angles

1
Exy = Eyx = _§(¢1 +¢2)

angles are related to displacements:
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Strain: Shear Strain

J. Freymueller

shear components of strain measure change in shape / angles

1 3U2 3U1
v = =3 ax Ty

subscripts: 1st — direction normal to element, 2nd — direction of shear
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Strain: Shear Strain

J. Freymueller

shear strain results in solid body rotation if ¢1 # ¢o:

1 /0us ouy
v = =5\ ax Ty
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Strain: Shear Strain

J. Freymueller

shear strain results in solid body rotation if ¢1 # ¢» :

_ ] _ 1 (o _ouy
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Strain: Shear Strain

!
e

J. Freymueller

o if »1 = ¢o: no solid body rotation — pure shear

o if »1 = 0: solid body rotation + shear — simple shear (strike slip
faulting)
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Putting it all together

-
n_/
deformation = translation + dilatation 4 rotation
u = x+dx+1 ()—U+()—u +1 u_ou
- 2\ox dy) 2\ox oy

correct formal description follows . . .
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J. Freymueller
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LX

J. Freymueller
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LX

J. Freymueller
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LX

J. Freymueller

use Taylor Series expansion to relate the two vectors:

ou; ou; 9u;
Ui(xo +dx) = ui(Xo) + <8X1 > axy + (5‘X2> axo + (BXS) dxs
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LX

J. Freymueller

use Taylor Series expansion to relate the two vectors:

au; ou; ou;
U:(Xo +dX) = UI(XO) + <ax1> dxi + (8)(2) e + (aXs) o

3 equations: i=1,2,3
first term: translation, remainder: rotation + dilatation
9 values Ju;/0x;fori,j=1...3
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Deformation Tensor

o o o
g)ﬁ gx2 2X3
uxo+dx) = u(xe)+ | 52 G2 42

Ox;  Oxa  OX;
Xo*dx ous  ouy  0uy
!!{zsu-psils) 0X4 O0Xo 0X3
dx
u(xo)

1=

J. Freymueller
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Deformation Tensor

ou;  Oduy  Ouy

Xy Ix  Ox
UXo +dx) = u(Xo)+ | 2 2% Ju

X, OXo  Ox
Xgtdx ouy ous  duy
H(lﬂl‘.ﬂ) 0X4 OXo 0X3
dx e maitrix describes dilatation and
rotation
e is a 2-direction (rank 2) tensor:
u(xg)

contains normal strain, and strain
perpendicular to face on which it acts

e think of tensors as extension of
J. Freymuelier vectors (magnitude and direction),
which are an extension of scalars
(magnitude)

It
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Separate Rotation and Strain

We can separate gradient tensor into the sum of two tensors: strain
tensor and rotation tensor from:

deformation =  translation + dilatation/strain + rotation

rotation is anti-symmetric (see rotation matrix), strain part is symmetric
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Separate Rotation and Strain

We can separate gradient tensor into the sum of two tensors: strain
tensor and rotation tensor from:

deformation =  translation + dilatation/strain + rotation
1 [(0u; du 1 [ ou; ou;
kg +dx) = ulxo)+ o [+ L dgr o (=L dy
2 \ 9x OX; 2\ 9 OX;

rotation is anti-symmetric (see rotation matrix), strain part is symmetric
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Separate Rotation and Strain

We can separate gradient tensor into the sum of two tensors: strain
tensor and rotation tensor from:

deformation =  translation + dilatation/ strain + rotation
1 [(0u; du 1 [ ou; ou;
ulxg +dx) = uxg)+ - [+ L )dg+ - [ — L) dx
2 \ 9x OX; 2\ 9 OX;
auy auy duy [ 9ty 1 (%)UW + (/,)“2> 1 (94 + (,,)u3 T
W B—XZ 3—)(3 Ixq 2 \ 9xp Ixq 2 Ox3 axq
au. au; au; du du u du du
oup  Oup Oy = 1(2u , 9% 2 1 (2% 9y 4
oxq Oxp Ox3 - 2 \ Oxp 223 Oxp 2 Oxg Oxp
% % % 1 duy dug 1 Aup oug dug
X X2 3 L 2 (o T ox 2\ oxg T o% Ixg
0 1(%u _ oup 1 (2w _ Ouy
2 \ 9xp 9xq 2 Ox3 Ixq
1 (0up _ Oup 0 1 (0uy _ Ouz
2 \ 0xq x4 2 Ox3 X
1 Ous ouq 1 Oug Oup
L 2 <8x1 + 9x3 2 \ ox + Ix3 0

rotation is anti-symmetric (see rotation matrix), strain part is symmetric

22/22



