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Strain: Normal Strain

B Z+ey,Z

X+€XXX

X Y+eyyY

J. Freymueller

fractional length changes are normal strains:

é?lj1 /69)( = Exx
6)[]2‘/Zaj/ - €J(y
6U3/(9Z = Ezz

components of strain proportional to derivatives of displacements in
respective directions

2/20



Strain: Shear Strain

—

J. Freymueller

shear components of strain measure change in shape / angles

1
Exy = Eyx = _§(¢1 +¢2)
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Strain: Shear Strain

- |

J. Freymueller

shear components of strain measure change in shape / angles

1
Exy = Eyx = _§(¢1 +¢2)

angles are related to displacements:
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Strain: Shear Strain

J. Freymueller

shear components of strain measure change in shape / angles

1 3U2 3U1
v = =3 ax Ty

subscripts: 1st — direction normal to element, 2nd — direction of shear
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Strain: Shear Strain

J. Freymueller

shear strain results in solid body rotation if ¢1 # ¢o:

1 /0us ouy
v = =5\ ax Ty
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Strain: Shear Strain

J. Freymueller

shear strain results in solid body rotation if ¢1 # ¢» :

_ ] _ 1 (o _ouy
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Strain: Shear Strain

!
e

J. Freymueller

o if »1 = ¢o: no solid body rotation — pure shear

o if »1 = 0: solid body rotation + shear — simple shear (strike slip
faulting)
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Putting it all together

-
— &>
_/

displacement = translation + dilatation + rotation
u =~ x+dx~|—1 %+% +1 u_du
- 2\ox ay) 2\ox oy

correct formal description follows . ..

8/20



Displacement

J. Freymueller
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Displacement

LX

J. Freymueller
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Displacement

LX

J. Freymueller
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Displacement

LX

J. Freymueller

use Taylor Series expansion to relate the two vectors:

ou; ou; 9u;
Ui(xo +dx) = ui(Xo) + <8X1 > axy + (5‘X2> axo + (BXS) dxs
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Displacement

LX

J. Freymueller

use Taylor Series expansion to relate the two vectors:

au; ou; ou;
U:(Xo +dX) = UI(XO) + <ax1> dxi + (8)(2) e + (aXs) o

3 equations: i=1,2,3
first term: translation, remainder: rotation + dilatation
9 values Ju;/0x;fori,j=1...3
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Deformation Tensor

o o o
gX1 gx2 2X3
uxo+dx) = u(xe)+ | 52 G2 42

Ox;  Oxa  OX;
Xo*dx ous  ouy  0uy
Hﬂ¥n+!15) 0X4 O0Xo 0X3
dx
u(xo)

1=

J. Freymueller
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Deformation Tensor

ou;  Oduy  Ouy

Xy Ix  Ox
UXo +dx) = u(Xo)+ | 2 2% Ju

X, OXo  Ox
Xgtdx ouy ous  duy
H(lﬂl‘.ﬂ) 0X4 OXo 0X3
dx e maitrix describes dilatation and
rotation
e is a 2-direction (rank 2) tensor:
u(xg)

contains normal strain, and strain
perpendicular to face on which it acts

e think of tensors as extension of
J. Freymuelier vectors (magnitude and direction),
which are an extension of scalars
(magnitude)

It
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Separate Rotation and Strain

We can separate gradient tensor into the sum of two tensors: strain
tensor and rotation tensor from:

displacement =  translation + strain + rotation
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Separate Rotation and Strain

We can separate gradient tensor into the sum of two tensors: strain
tensor and rotation tensor from:

displacement =  translation + strain + rotation
1 [ dy; oy 1 [ ou; au;
Uxg +dx) = u(xg)+ — [ — + —2 axj + — — - ax;
2 \ ox ax; 2 \ 0 Ixj
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Separate Rotation and Strain

We can separate gradient tensor into the sum of two tensors: strain
tensor and rotation tensor from:

displacement =  translation + strain + rotation
1 (ou Oy 1 [ ou; ou;
ui(xo +dx) = ui(xo)+ - | —— + — Jdg+ - | — — ax;
2 \ ox OX; 2 \ 0 OX;
auy auy duy r (‘)u1 1 ({)Lq i {)u2> 1 duq + [l')u3
m 67)(2 87)(3 22 2 OXp x4 2 OXx3 OXxq
ouy duy Auo _ 1(9y 4 Aup dun 1 ( oup 4 dug 4
9xq Oxo Ox3 - 2 \ 9xp 223 9Xp 2 9x3 dxp
‘3“3 ‘;“3 % 1 [y | dug 1 (0u | dug dug
X X2 X3 L 2 (o T ox 2 o T om %
0 1 (% _ %) 1 ( 2y _ Ouz
2 \ Oxp 9xq 2 Ox3 223
1 (0w oy 0 1 (0% _ duy
2 \ 9xq dxp 2 Ox3 Ixp
1 [ 9ug duq 1 [ Oug duy 0
L 2\ 9%y = 9x3 2\ Oxg — Ox3

rotation is anti-symmetric (see rotation matrix), strain part is
symmetric
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Strain and Rotation Tensors

Strain tensor can be written:

9 9
1 (ou Oy €11 €12 €13
T2 \ow Tax) | B o
/ ' €31 €32 €33

symmetric, with 6 independent components since
€21 = €12,€31 — £€13,€32 = €23
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Strain and Rotation Tensors

Strain tensor can be written:

1 <8u, 8u,) €11 €12 €13
gj = +

€21 €22 &2
2 \ax ' ox 3
€31 €&32 €33

symmetric, with 6 independent components since
€21 = €12,€31 — £€13,€32 = €23

Rotation tensor can be written:
0

SR TV /) W I S
U 2 \0%  0x —wig —wzz 0

antisymmetric, with 3 independent components
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Strain and Rotation from GPS Data

e Can estimate all components of strain and rotation tensors directly
from GPS data

e Equations in terms of 6 independent strain tensor components
and 3 independent rotation tensor components

e ...orinterms of the 9 components of the displacement gradient
tensor
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Strain and Rotation from GPS Data

e Can estimate all components of strain and rotation tensors directly
from GPS data

e Equations in terms of 6 independent strain tensor components
and 3 independent rotation tensor components

e ...orinterms of the 9 components of the displacement gradient
tensor

o Write motions relative to reference site or reference point in terms
of distance from reference (“remove translation”):

Ui(xo + dxo) — ui(Xe) = 6,'/'dX/' + w,'jdX/'

e Xg is reference location, dx is vector from reference to data
location
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2D Equations

¢ Again, assume infinitesimal displacements
e Velocity v as function of position p can be expanded into:
ov
vix+dx) = v(x)+ &dx
e with

OVy ax + OVy

w(X+dx) = w(x)+ I dy

ay

V
Vy(x + dX) = Vy(X) + de + Tdy
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2D Equations

¢ Again, assume infinitesimal displacements
Velocity v as function of position p can be expanded into:

vix+dx) = v(x)+ @dx

15) 4
e with
B OVy OVy
(X +dx) = ve(X)+ I dx + dy dy
B vy ovy
Vy(x + dX) = Vy(X) + de + Wdy
e So:

vix+dx) = v(x)+VV.dx
Where VV is velocity gradient tensor:
Ovx  Ovx
vV - [g gvyy]
ox oy
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2D Equations

e Assuming 2 (GPS) sites separated by (small) distance dx:

vix+dx) = v(x)+VV-dx
v(x+dx)—v(x) = VV.dx
vVi—v; = VV.dx
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2D Equations

e Assuming 2 (GPS) sites separated by (small) distance dx:

vix+dx) = v(x)+VV-dx
vix+dx) —v(x) = VV.-dx
vVi—v; = VV.dx

e Expand to 3 sites, where 1 site is reference:

d = Gm
velocity_diff = position_differences - velocity _gradients
Vi, — Vg Xo— X1 Yo— Wi 0 0 Ovy/OX
Vy, — Vy, _ 0 0 Xo—X1 Ya—y1 | | Ovx/Oy
Vi — Vi, X3— X1 Ys— W1 0 0 vy /0x
Vys — Vy, 0 0 X3— X1 Y3— Vi vy /oy

e Solve for velocity gradients via least squares
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Strain Rates and Rotation Rates

e displacement contains strain and rigid body rotation

e ...so velocity (displacement rate) contains strain rate and rotation
rate
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Strain Rates and Rotation Rates

e displacement contains strain and rigid body rotation

e ...so velocity (displacement rate) contains strain rate and rotation
rate

¢ According to tensor theory, a second rank tensor can be
decomposed into a symmetric and antisymmetric tensor:

vV = %[vv+vv7]+
— 7

1

5 [vvavT]
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Strain Rates and Rotation Rates

e displacement contains strain and rigid body rotation
e ...so velocity (displacement rate) contains strain rate and rotation
rate

¢ According to tensor theory, a second rank tensor can be
decomposed into a symmetric and antisymmetric tensor:

vV = %[vv+vv7]+%[vvavT]
— 7
vy 1(om 4 2% 0 1 (0w _ Oy
" i s )H() e
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Strain Rates and Rotation Rates

e displacement contains strain and rigid body rotation
e ...so velocity (displacement rate) contains strain rate and rotation
rate

¢ According to tensor theory, a second rank tensor can be
decomposed into a symmetric and antisymmetric tensor:

[vv-vv7]

N =

1
2
= 777

[ % ;(%";ﬁ”y)]% (0 H(% - %)
_1

2 [vv+va] +
R

1 (v va vy
2 \ oy +3 oy

(%
?11 8:12 } n [ 0. w }
€21 €22 —w 0
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Now: Strain Rates and Rotation Rates

e we're doing this, because we deal with velocities a lot
wo— [de e e
€21 €22 —w 0

¢ Recall:
v(x+dx) = v(x)+VV-dx
e 2D case:
Vx = Vx4 EexAX+ExyAy +wAy
vy = Vy+egyAx+ey Ay —wAx

e 2D case: 4 parameters to solve for (3 strain, 1 rotation), need > 2
sites with horizontal data

¢ 3D case: 9 parameters to solve for (6 strain, 3 rotation), need > 3
sites with 3D data

¢ keep in mind that this applies to displacements, too (“drop the
rate”)
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Example: Strain from 3 GPS sites

¢ simple, general way to
calculate average strain and
rotation from 3 GPS sites

e (average strain for the area
enclosed by the 3 sites)

¢ with more than 3 sites: divide
network into triangles

e Delaunay triangulation
implemented in GMT is a
quick way to do so

A

Au?B

AuAC

C

J. Freymueller
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Example: Strain from 3 GPS sites

Au4B

AuAC

Let’s look at this for a single baseline:

AuB
Aup®B

J. Freymueller

811AX{L\B + E12AXéqB + w12AX£\B
812AX{L\B + 622AX§48 — w12AXf\B
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Example: Strain from 3 GPS sites

Au4B

AuAC

Let’s look at this for a single baseline:

AuB
Aup®B

J. Freymueller

811AX{L\B + E12AXéqB + w12AX£\B
812AX{L\B + 622AX§48 — w12AXf\B

|
] |
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Example: Strain from 3 GPS sites

Au4B

AuAC

Let’s look at this for a single baseline:

AuB
Aup®B

J. Freymueller

811AX{L\B + E12AXéqB + w12AX£\B
812AX{L\B + 622AX§48 — w12AXf\B

€11
= [ } €12
€22
W12
G

-m
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Example: Strain from 3 GPS sites

Au4B

AuAC

Let’s look at this for a single baseline:
Aufe ]
AugB |
€11

_ [AXB AxB 0 Axé“B}' €12
G-

J. Freymueller

811AX1 +€12AX2 +w12AX£\B
812AX1 + €22 AX2 —w12AXf\B

0 AX1AB AxsB —Ax{B €20

w12

m
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Example: Strain from 3 GPS sites

AusB

A

AuAC

C
Using all sites we get 4 equations in 4 unknowns:

J. Freymueller
AupB AxfB AxsB 0 AxpB 11
AB AB AB AB
Au, _ 0 AX] Ax5°  —AX] €12
€22

w12
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Example: Strain from 3 GPS sites

A

AusB

AuAC

C
Using all sites we get 4 equations in 4 unknowns:

o
AU%C
Au}‘C
Au,

Ax{B
0
AxfC
0

AxyB
o
Ax?q .
Ax]

0
AxyB
0
AxBC

AxyB
o
AXx; e
—AXx]

€11
€12
€22
w12

J. Freymueller
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Example: Strain from 3 GPS sites

AusB

A

A'llAC

C
Using all sites we get 4 equations in 4 unknowns:

J. Freymueller

AufB T [ AxfB AxfB 0 Ax5B 7 €11
AupB | 0 Ax{® AxB —Ax{B €12
AUl | T | AxfC AxC 0 AxpC €22
AupC | | 0 Ax{C AxFC —Ax{C | | wi2
. - —1
£11 AxfB AxsB 0 AxpB AupB
€12 B 0 Ax{® AxB —Ax{P AupB
= AC AC AC : AC
€90 AX] AXx; 0 AXx; Auy
w1z | | 0 Ax{C AxfC —Ax{C | AupC
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